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Abstract
The both mass-dependent and field shift components of the isotopic shifts and the lowest order
QED corrections for the ground (singlet) 11S(L = 0)−states of the 3He and 4He atoms are deter-
mined to high accuracy. For the same states we also evaluated the lowest-order QED corrections
and the corresponding recoil (or finite mass) corrections. In our calculations we have used the
new (corrected) formula for the recoil correction to the lowest-order QED correction which can be
applied to atoms/ions with arbitrary nuclear charge Q ≥ 1.
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I. INTRODUCTION
The goal of this communication is to determine different components of the isotope shift
and the lowest-order Quantum-Electrodynamics corrections (or QED corrections, for short)
for the actual helium-3 and helium-4 atoms, i.e. for the two isotopes of the helium atoms
which have the finite nuclear masses. In general, highly accurate calculations of the lowest-
order QED corrections in few-electron atomic systems can be performed only with the use of
the relativistic wave functions. However, approximate numerical values of the lowest-order
QED corrections can be determined with the non-relativistic wave functions as the solutions
of the Schro¨dinger equation [1] for the bound states HΨ = EΨ, where E < 0 and H is the
non-relativistic Hamiltonian of the helium atom
H = − h¯
2
2me
(
∇21 +∇22 +
me
MN
∇2N
)
− Qe
2
r32
− Qe
2
r31
+
e2
r21
(1)
where ∇i =
(
∂
∂xi
, ∂
∂yi
, ∂
∂zi
)
and i = 1, 2, 3(= N), where the notation N stands for the nucleus.
In Eq.(1) the notation h¯ stands for the reduced Planck constant, i.e. h¯ = h
2pi
, and e is the
elementary electric charge. Everywhere below in this study the particles 1 and 2 mean the
electrons, while the particle 3 (or N) is the atomic nucleus with the mass MN ≫ me. For
light atoms it is very convenient to perform all bound state calculations in atomic units
where h¯ = 1, me = 1 and e = 1. In these units the velocity of light in vacuum c numerically
coincides with the inverse value of the dimensionless fine structure constant, i.e. c = α−1,
where α = e
2
h¯c
≈ 7.2973525698·10−3 [2]. In atomic units the same Hamiltonian, Eq.(1), is
written in the form
H = −1
2
(
∇21 +∇22 +
1
MN
∇2N
)
− Q
r32
− Q
r31
+
1
r21
(2)
where MN is expressed in the electron mass me.
In this study we also apply the non-relativistic wave functions to determine some proper-
ties of the two-electron helium atom(s). All wave functions used in this analysis have been
obtained as the solutions of the (non-relativistic) Schro¨dinger equation with the Hamilto-
nian, Eq.(2). It should be emphasized that this approach works, if (and only if) we can con-
struct the non-relativistic variational wave functions of very high accuracy. For the ground
11S(L = 0)−states of the ∞He, 4He and 3He atoms the highly accurate wave functions are
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constructed in the form of the following variational expansion (see, e.g., [3])
Ψ =
(
1 + Pˆ12
) N∑
i=1
Ci exp(−αir32 − βir31 − γir21) (3)
which is called the exponential variational expansion in the relative coordinates r32, r31
and r21. Each of these three relative coordinates is defined as the difference between the
corresponding Cartesian coordinates of the two particles, e.g., rij =| ri − rj |. It follows
from this definition that the relative coordinates r32, r31 and r21 are translationally and
rotationally invariant. The coefficients Ci are the linear (or variational) parameters of the
variational expansion, Eq.(3), while the parameters αi, βi and γi are the non-linear (or
varied) parameters of this expansion. In general, the total energy of the ground state of the
He atom depends upon the total number of basis functions N , Eq.(3), used in calculations.
The operator Pˆ12 is the permutation operator for two identical particles (electrons).
II. ISOTOPIC SHIFT(S)
Differences of the corresponding (atomic) total energies E(∞He), E(4He), E(3He) coin-
cide with the non-relativistic isotopic shifts for the isotopes of the helium atom(s). In this
study we used the following nuclear masses (expressed in the electron mass me): M(
3He)
= 5495.885269 me and M(
4He) = 7294.2995363 me These masses were used in earlier cal-
culations of the 3He and 4He atoms and they are very close to the values obtained in the
recent nuclear and high-energy experiments. Note that in highly accurate computations
these numerical values of nuclear masses (as well as all other physical constants) can be
considered as ‘exact’. The corresponding corrections can be evaluated at the next step by
performing numerical calculations with the different values of the nuclear masses and other
physical constants. The difference of the total non-relativistic energies of the 3He and 4He
atoms
E(3He)− E(4He) ≈ 1.47327151844086815471 · 10−4 a.u. (4)
has a great interest in applications, since its numerical value can be measured in simple
atomic experiments. In atomic physics the non-relativistic isotope shifts for light atoms are
represented as a few-term sums. Note that if the momentum of the nucleus N is known
(it is designated below as PN), then the isotopic shift for an atom with the nuclear mass
3
M equals to the expectation value of the 1
2M
P2N operator, which corresponds to the kinetic
energy of the atomic nucleus. However, since the relative coordinates r32, r31 and r21 are
translationally invariant, we can always assume that we are working in the center-of-mass
system and this center of mass does not move, i.e. PN+p1+. . .+pK = 0 for the K−electron
atom. This can be re-written in the different form
P2N =
K∑
i=1
p2i +
K∑
i=2(i 6=j)
K−1∑
j=1
pi · pj (5)
for the expectation values we have
〈P2N〉 = K〈p21〉+
2K(K − 1)
2
〈p1 · p2〉 (6)
where we used the fact that all electrons are identical particles. It follows from here that
1
KM
P2N =
1
M
〈p21〉+
(K − 1)
M
〈p1 · p2〉 (7)
In particular, for two-electron atomic systems K = 2 one finds
1
2M
〈P2N〉 =
1
M
〈p21〉+
1
M
〈p1 · p2〉 (8)
In other words, to determine the isotopic shift in the two-electron atoms/ions one neeeds
to determine the expectation values of the p21 and p1 · p2 operators. Note that the first
operator is one-electron, while the second operator is a two-electron operator [4]. The first
operator in Eq.(8) represents the normal mass shift, while the second operator represents
the specific mass shift (for more details, see, Chapter 8 in [1]). As follows from Eq.(8) both
of these components of the mass shift are mass dependent (or M−dependent).
Thus, to determine mass-dependent components of the isotopic shifts one needs either
to perform the direct calculations of the corresponding total energies E(3He), E(4He) and
E(∞He) (as we did in this study), or to determine the expectation value of the P2N operator
and/or to evaluate to very high accuracy the 〈p21〉 and 〈p1 · p2〉 expectation values. Each of
these ways can be used in actual applications. For each of the helium isotopes considered
in this study the expectation values of these three operators can be found in Tables I - III
where all expectation values are given in atomic units.
In addition to the mass-dependent components of the isotopic shift there is a component
which is directly related to the proton density ditribution in the atomic nucleus. This is the
field shift component of the isotopic shift. For light atoms (and ions) the overall contribution
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of this component is relatively small, but it plays an important role in some applications.
In our calculations performed for this study we have used the Racah-Rosental-Breit formula
(see, e.g., [5] and references therein). In atomic units this formula takes the form
∆EF =
4pia20
Q
· b+ 1
[Γ(2b+ 1)]2
· B(b)α4b ·
(2QR
a0α2
)2b · δR
R
· 〈δ(reN)〉 (9)
where Q is the nuclear charge, R is the nuclear radius, a0α
2 = re is the classical electron’s
radius and b =
√
1− α2Q2, where α = e2
h¯c
≈ 1
137
is the fine-structure (dimensionless) constant
which is the small parameter in QED. In Eq.(9) the notation Γ(x) stands for the Euler’s
gamma-function, while the factor B(b) is directly related to the proton density distribution
in the atomic nucleus. By assuming a uniform distribution of the proton density over the
volume of the nucleus one finds the following expression for the factor B(b) from Eq.(9)
B(b) =
3
(2b+ 1)(2b+ 3)
(10)
For light nuclei with Q ≤ 6 we have b ≈ 1 and B ≈ 1
5
. Such a choice corresponds to the
uniform distribution of the proton charge density over the whole volume of the nucleus.
It is good approximation for all light nuclei. The formula, Eq.(9), has been used in many
papers for numerical evaluations of the field component of the isotopic shift, or field shift,
for short. In some works, however, this formula was written with a number of ‘obvious
simplifications’. Many of such ‘simplifications’ are based on the fact that for light nuclei the
numerical value of the factor b is close to unity. Furthermore, in some papers the factor b
was mistakenly called and considered as the Lorentz factor, while the actual Lorentz factor
γ is the inverse value of b, i.e., γ = 1
b
= 1√
1−α2Q2
, which always exceeds unity. As follows
from Eq.(9) in order to determine the field component of the isotopic shift in light atoms one
needs to know the radius of the nucleus R and the expectation value of the electron-nucleus
delta-function 〈δ(reN)〉. The nuclear radii of the 3He and 4He nuclei are 1.881 fm and 1.672
fm, respectively [2]. Here all radii of nuclei are given in fermi, where 1 fm = 1 ·10−13 cm.
The expectation values of the electron-nucleus delta-functions determined for the ground
states in the 3He and 4He atoms allows one to evaluate the numerical values of the field
shifts ∆EF for the ground 1
1S(L = 0)−states in the 3He and 4He atoms. In general, the
expectation value of the electron-nucleus delta-function determines the electron density at
distances ≈ Λe = αa0 = h¯mec ≈ 3.862 · 10−11 cm which is a ‘physical zero-distance’ for the
non-relativistic wave function(s).
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III. LOWEST-ORDER QED CORRECTION
Our non-relativistic approach used for numerical calculations of the lowest-order QED
corrections is, in fact, the two-stage procedure. At the first stage we determine the lowest-
order QED correction for the model helium atom with the infinitely heavy nucleus, i.e. for
the ∞He atom. The formula for the lowest-order QED correction ∆EQED∞ in the two-electron
ion with infinitely heavy nucleus is written in the form (in atomic units)
∆EQED∞ =
8
3
Qα3
[19
30
− 2 lnα− lnK0
]
〈δ(reN)〉+ α3
[164
15
+
14
3
lnα− 10
3
S(S + 1)
]
〈δ(ree)〉
− 7
6pi
α3〈 1
r3ee
〉 (11)
where α = e
2
h¯c
= 7.2973525698 · 10−3 is the fine structure constant (see above), Q is the
nuclear charge (in atomic units) and S is the total electron spin. The ground states in all
two-electron ions considered in this study are the singlet states with S = 0. Also, in this
formula lnK0 is the Bethe logarithm (see, e.g., [6], [7]).
The last term in Eq.(11) is called the Araki-Sucher term, or Araki-Sucher correction, since
this correction was obtained and investigated for the first time by Araki and Sucher [8], [9].
Note that the expectation value of the term 〈 1
r3ee
〉 is singular, i.e., it contains the regular (i.e.
non-divergent) part and non-zero divergent part. General theory of the singular exponential
integrals was developed in our earlier works (see, e.g., [10] and references therein). In
particular, in [10] we have shown that the 〈 1
r3ee
〉 expectation value is determined by the
following formula
〈 1
r3ee
〉 = 〈 1
r3ee
〉R + 4pi〈δ(ree)〉 (12)
where 〈 1
r3ee
〉R is the regular part of this expectation value and 〈δ(ree)〉 is the expectation value
of the electron-electron delta-function. The presence of non-zero divergent (or singular) parts
in singular expectation values directly follows from the fact that the corresponding operators
are self-conjugate. Here we cannot discuss this interesting, but non-trivial problem. Briefly,
we can only say that the overall contribution of the singular part of the 1
r3ee
operator is
reduced to the expectation value of the electron-electron delta-function. Formally, in [10]
the equality, Eq.(12), was derived for the exponential variational expansion, Eq.(3), only.
However, it can be shown that the same equality is true in the general case. Analogous
formula can be written for the electron-nucleus expectation value 〈 1
r3
eN
〉.
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For the two-electron helium atoms with the finite nuclear masses we need to evaluate
the corresponding recoil correction to the lowest-order QED correction. Such a correction
is also given in [10]. In atomic units it is written in the following form
∆EQEDM = ∆E
QED
∞ −
( 2
M
+
1
M + 1
)
∆EQED∞ +
4Q2α3
3M
[31
3
+
2
Q
− lnα− 4 lnK0
]
〈δ(reN)〉
+
7α3
3piM
〈 1
r3eN
〉 (13)
whereM ≫ me is the nuclear mass. The difference ∆EQEDM −∆EQED∞ is the recoil correction
to the lowest order QED correction ∆EQED∞ . In some works the recoil correction is defined
as the absolute value of this difference. The inverse mass 1
M
is a small parameter which
is smaller than ≤ 3 · 10−4 (for all isotopes of the He atom). The dimensionless ratio R =
|∆EQED
∞
−∆EQED
M
|
∆EQED
∞
is small and can be evaluated as R ≈ 1
M
≪ 1. To perform numerical
calculations of ∆EQEDM we used the nuclear masses of the
3He and 4He nuclei mentioned
above. Note that all expectation values in Eq.(13) must be determined for actual two-
electron ions, i.e. for ions with the finite nuclear masses. By using our expectation values of
the electron-nucleus and electron-electron delta-functions and Araki-Sucher terms (〈 1
r3ee
〉 and
〈 1
r3
eN
〉) we have determined the lowest order QED corrections for each of the helium atom
(∞He, 4He and 3He) considered in this study.
IV. CALCULATIONS AND CONCLUSIONS
First, let us determine the field components of the isotope shifts for the 4He and 3He
atoms. By using Eq.(9) and the expectation values for the electron-nucleus delta-functions
from Table IV we have found that ∆F (
4He) ≈ 1.82052836·10−8 a.u. and ∆F (3He) ≈
2.303733185·10−8 a.u. These values are the field components of the isotope shift deter-
mined for the ground 11S(L = 0)−states in the two-electron 4He and 3He atoms. In these
calculations we have used the following numerical factors in Eq.(9): b ≈ 0.999893491619,
22b+2piQ2b−1 · b+1
[Γ(2b+1)]2
·B(b) ·α4b ≈ 2.8571973 · 10−3 (for both isotopes),
(
R
a0α2
)2b
=
(
R
re
)2b ≈
0.3520929 (for the 4He atom) and
(
R
a0α2
)2b
=
(
R
re
)2b ≈ 0.4456063 (for the 3He atom).
By using the expectation values of the operators from Table IV we determined the lowest
order QED corrections for the ground 11S−states of the 4He and 3He atoms. In partic-
ular, for the model ∞He atom the lowest order QED correction, i.e. the ∆EQED∞ value
from Eq.(11), equals ≈ 2.226183190·10−5 a.u. The numerical value of the Bethe logarithm
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lnK0 = 4.3701602218 was taken from [10]. From Eq.(13) we have found ∆E
QED
M (
4He) ≈
2.225150320·10−5 a.u. and ∆EQEDM (3He) ≈ 2.224812380·10−5 a.u. In Megahertz (or MHz)
the corresponding corrections are: ∆EQED∞ ≈ 1.464758174·105 MHz, ∆EQEDM (4He) ≈
1.464078578·105 MHz and ∆EQEDM (3He) ≈ 1.463856224·105 MHz. Here we used the most
recent conversion factor from a.u. to MHz which equals 6.579 683 920 729·109.
We have performed highly accurate computations of the ground 11S−states in the two-
electron helium-3 and helium-4 atoms and in the model ∞He atom. By using the com-
puted expectation values of some operators we have evaluated (to high accuracy) all mass-
dependent components and field component of the isotope shift(s) for the helium-3 and
helium-4 atoms. We also evaluated the lowest-order QED corrections (or Quantun Elelctro-
dynamics corrections) for each isotope of the helium atom. Results of our study are of
interest for future highly accurate calculations of the total isotopic shifts for different iso-
topes of the helium atom. In our analysis we derived and used in calculations the new
(corrected) formula for the recoil correction to the lowest-order QED correction which can
be applied to atoms/ions with arbitrary nuclear (electric) charge Q ≥ 1. In earlier modifica-
tions of this formula, Eq.(13), the factor Q2 in front of the third term was missing. The old
formula was applicable to the negatively charged hydrogen ions (when Q = 1), but it was
leading to certain contradictions for atomic systems with larger Q. In general, our results
for the lowest-order QED corrections determined for these atomic systems coincide well with
the corresponding results obtained in earlier studies (see, e.g., [11], [12]). Nevertheless, quite
a few modifications must be done in our procedure to improve the overall accuracy of our
calculations of the lowest-order QED corrections. First of all, we need to improve our old
approach which was derived and used 10 - 15 years ago to evaluate the Bethe logarithms for
different two-electron atomic systems. Also, in future studies it will be very interesting to
consider the lowest-order relativistic and QED corrections for other atomic systems and for
different bound states in such systems.
In conclusion we have to note that accurate numerical evaluations of the lowest-order
QED corrections and other higher-order (upon α) corrections are of increasing interest for
various few-body atomic and molecular systems (see, e.g., [11], [12] and references therein
for the two-electron helium atom(s) and [13] for the H+3 ion). For two-electron helium
atoms and helium-like ions this fact can be explained by a stream of experimental papers in
which some new approaches to high-precision measurments have been developed and applied
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(see, e.g., [14], [15] and [16]). A number of these new method are based on extensive use
of lasers generating radiation at different frequencies (from infrared to vacuum ultraviolet
regions). This allows one to determine the ‘absolute’ positions (i.e. the total energies) of
many atomic levels (or bound states) to extremely high accuracy which has been considered
as ‘non-realistic’ even fifteen years ago.
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TABLE I: The total energies E and expectation values of some operators for the ground 11S(L =
0)−state in the two-electron ∞He atom (in atomic units). K is the total number of basis functions
used.
K E(∞He) 〈δ(reN )〉 ν(a)eN
3500 -2.90372437703411959831028794 1.8104293184989490 -2.0000000001645
3700 -2.90372437703411959831041598 1.8104293184982854 -2.0000000001566
3840 -2.90372437703411959831052149 1.8104293185022350 -2.0000000002048
4000 -2.90372437703411959831060914 1.8104293185013928 -2.0000000002296
K 12〈p21〉 〈δ(ree)〉 νee
3500 1.451862188517059799151774 0.106345370633423426 0.500000000385
3700 1.451862188517059799152265 0.106345370634289682 0.500000000295
3840 1.451862188517059799152708 0.106345370634901767 0.500000000167
4000 1.451862188517059799153096 0.106345370633985735 0.500000000219
K 〈p1 · p2〉 〈(r−3eN )R〉 〈r−2eN 〉
3500 0.15906947508584375007426732 -53.67642660233 6.0174088670242831
3700 0.15906947508584375007535182 -53.67642660228 6.0174088670242472
3840 0.15906947508584375007642613 -53.67642660269 6.0174088670242710
4000 0.15906947508584375007716180 -53.67642660259 6.0174088670242867
K 12〈p2N 〉 〈(r−3ee )R〉 〈r−2ee 〉
3500 3.06279385211996334837781517 -0.347101795395 1.4647709233190573
3700 3.06279385211996334837988169 -0.347101795480 1.4647709233190648
3840 3.06279385211996334838183708 -0.347101795529 1.4647709233190819
4000 3.0627938521199633483833533 -0.347101795446 1.4647709233190672
(a)The exact (or expected) value of the electron-nucleus cusp νeN in this case equals -2.0, while
the exact (or expected) value of the electron-electron cusp νee in this case equals 0.5.
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TABLE II: The total energies E and expectation values of some operators for the ground 11S(L =
0)−state in the two-electron 4He atom (in atomic units). K is the total number of basis functions
used.
K E(4He) 〈δ(reN )〉 ν(a)eN
3500 -2.90330455772956878574752636 1.8096724348881888 -1.9997258506515
3700 -2.90330455772956878574765410 1.8096724348875704 -1.9997258507378
3840 -2.90330455772956878574775934 1.8096724348914945 -1.9997258507580
4000 -2.90330455772956878574784673 1.8096724348906518 -1.9997258507337
K 12〈p21〉 〈δ(ree)〉 νee
3500 1.451442403897224497512330 0.10629995671080796 0.500000000388
3700 1.451442403897224497512841 0.10629995671170843 0.500000000112
3840 1.451442403897224497513309 0.10629995671230651 0.500000000169
4000 1.451442403897224497513693 0.10629995671142032 0.500000000215
K 〈p1 · p2〉 〈(r−3eN )R〉 〈r−2eN 〉
3500 0.15889694931179551018765512 -53.65087859362 6.0157169308869035
3700 0.15889694931179551018882837 -53.65087859357 6.0157169308868695
3840 0.15889694931179551019001349 -53.65087859397 6.0157169308868947
4000 0.15889694931179551019069421 -53.65087859387 6.0157169308869101
K 12〈p2N 〉 〈(r−3ee )R〉 〈r−2ee 〉
3500 3.06178175710624450521231532 -0.346670375938 1.4643846304014152
3700 3.06178175710624450521450953 -0.346670376026 1.4643846304014236
3840 3.06178175710624450521663053 -0.346670376074 1.4643846304014405
4000 3.06178175710624450521807975 -0.346670375994 1.4643846304014261
(a)The exact (or expected) value of the electron-nucleus cusp νeN in this case equals
-1.9997258508728739119366760743, while the exact (or expected) value of the electron-electron
cusp νee in this case equals 0.5.
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TABLE III: The total energies E and expectation values of some operators for the ground 11S(L =
0)−state in the two-electron 3He atom (in atomic units). K is the total number of basis functions
used.
K E(3He) 〈δ(reN )〉 ν(a)eN
3500 -2.90316721071057772469861227 1.8094248565739434 -1.9996361572278
3700 -2.90316721071057772469873991 1.8094248565743251 -1.9996361579151
3840 -2.90316721071057772469884505 1.8094248565752458 -1.9996361585239
4000 -2.90316721071057772469893238 1.8094248565764062 -1.9996361596669
K 12〈p21〉 〈δ(ree)〉 νee
3500 1.451305083284658255476172 0.10628510207881447 0.500000000387
3700 1.451305083284658255476681 0.10628510207971530 0.500000000141
3840 1.451305083284658255477153 0.10628510208031233 0.500000000169
4000 1.451305083284658255477532 0.10628510207942670 0.500000000314
K 〈p1 · p2〉 〈(r−3eN )R〉 〈r−2eN 〉
3500 0.15884052357094316093265572 -53.64252204694 6.0151634482660996
3700 0.15884052357094316093382370 -53.64252204689 6.0151634482660655
3840 0.15884052357094316093500807 -53.64252204729 6.0151634482660907
4000 0.15884052357094316093568536 -53.64252204719 6.0151634482661061
K 12〈p2N 〉 〈(r−3ee )R〉 〈r−2ee 〉
3500 3.06145069014025967188499925 -0.346529284097 1.4642582634664809
3700 3.06145069014025967188718641 -0.346529284186 1.4642582634664893
3840 3.06145069014025967188930618 -0.346529284233 1.4642582634665062
4000 3.06145069014025967189075025 -0.346529284153 1.4642582634664919
(a)The exact (or expected) value of the electron-nucleus cusp νeN in this case equals
-1.9996361575870467745067283848, while the exact (or expected) value of the electron-electron
cusp νee in this case equals 0.5.
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TABLE IV: The expectation values of the delta-functions and other operators used in calculations
of the ∆EQED∞ and ∆E
QED
M corrections for the ground 1
1S(L = 0)−state in the two-electron 4He
atom (in atomic units).
∞He 4He 3He
〈δ(reN )〉 1.810429318501 〈δ(reN )〉 1.809672434890 1.8094248565750
〈(r−3ee )R〉 -0.347101795480 〈(r−3eN )R〉 -53.65087859371 -53.64252204710
〈δ(ree)〉 0.106345370634 —————- ————– —————
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